Abstract-We introduce a task that we call partial decoupling, in which a bipartite quantum state is transformed by a unitary operation on one of the two subsystems and then is subject to the action of a quantum channel. We assume that the subsystem is decomposed into a direct-sum-product form, which often appears in the context of quantum information theory. The unitary is chosen at random from the set of unitaries having a simple form under the decomposition. The goal of the task is to make the final state, for typical choices of the unitary, close to the averaged final state over the unitaries. We consider a one-shot scenario, and derive upper and lower bounds on the average distance between the two states. The bounds are represented simply in terms of smooth conditional entropies of quantum states involving the initial state, the channel and the decomposition. Thereby we provide generalizations of the one-shot decoupling theorem. The obtained result would lead to further development of the decoupling approaches in quantum information theory and fundamental physics.
I. INTRODUCTION
Decoupling refers to the fact that we may destroy correlation between two quantum systems by applying an operation on one of the two subsystems. It has played significant roles in the development of quantum Shannon theory for a decade, particularly in proving the quantum capacity theorem [1] , unifying various quantum coding theorems [2] , analyzing a multipartite quantum communication task [3] , [4] and in quantifying correlations in quantum states [5] . It has also been applied to various fields of physics, such as the black hole information paradox [6] , quantum many-body systems [7] and quantum thermodynamics [8] , [9] . Dupuis et al. [10] provided one of the most general formulations of decoupling, which is often referred to as the decoupling theorem. The decoupling approach simplifies many problems of our interest, particularly when combined with the fact that any purification of a mixed quantum state is convertible to another reversibly [11] .
All the above studies rely on the notion of random unitary, i.e., unitaries drawn at random from the set of all unitaries acting on the system, which leads to the full randomization over the whole Hilbert space. In various situations, however, the full randomization is a too strong demand. In the context of communication theory, for example, the full randomization leads to reliable transmission of quantum information, while we may be interested in sending classical information at the same time [12] , for which the full randomization is more than necessary. In the context of quantum many-body physics, the random process caused by the complexity of dynamics is in general restricted by symmetry, and thus no randomization occurs among different values of conserved quantities. Hence, in order that the random-unitary-based method fits into broader context in quantum information theory and fundamental physics, it would be desirable to generalize the previous studies using the full-random unitary, to those based on random unitaries that are not fully random but with a proper structure.
As the first step toward this goal, we consider a scenario in which the unitaries take a simple form under the following direct-sum-product (DSP) decomposition of the Hilbert space:
This decomposition often appears in the context of quantum information theory, such as information-preserving structure [13] , [14] , the Koashi-Imoto decomposition [15] , data compression of quantum mixed-state source [16] , quantum Markov chains [17] , [18] and simultaneous transmission of classical and quantum information [12] . Also, quantum systems with symmetry are represented by the Hilbert spaces decomposed into this form (see e.g. [19] ). In this paper, we introduce and analyze a task that we call partial decoupling. We consider a scenario in which a bipartite quantum state Ψ on system AR is subject to a unitary operation U on A, followed by the action of a quantum channel (CP map) T : A → E. The unitary is assumed to be chosen at random, not from the set of all unitaries on A, but from the subset of unitaries that take a simple form under the DSP decomposition (1). Thus, partial decoupling is a generalization of the decoupling theorem [10] 
The main result in this paper is that we derive upper and lower bounds on the average distance between the final state and the averaged one. The bounds are represented in terms of the smooth conditional entropies of quantum states involving the initial state, the channel and the decomposition. For a particular case where J = 1 and dim H A l j = 1, the obtained formulae are equivalent to those given by the decoupling theorem [10] . For another case where dim H A l j = dim H Ar j = 1, the formulae reduce to those provided by the dequantizing theorem [30] .
The result in this paper is applicable for generalizing any problems within the scope of the decoupling theorem, by incorporating the DSP structure. As examples, we apply the result to communication tasks where classical and quantum information are simultaneously transmitted [20] , and to a quantum communication task in which encoding operations are restricted by symmetry [21] . Further significant implications on various topics will be obtained beyond these examples.
II. PRELIMINARIES
We summarize notations and definitions that will be used throughout this paper. For more details, see [22] .
A. Notations
We denote the set of linear operators on a Hilbert space H by L(H). For normalized density operators and subnormalized density operators, we use the following notations, respectively: 
The set of completely-positive supermaps from A to B is denoted by CP(A → B). The trace norm of a linear operator is denoted by ∥ · ∥ 1 . When a supermap is given by a conjugation of a unitary U A , we especially denote it by its calligraphic font as
B. One-shot entropies
For any subnormalized state ρ ∈ S ≤ (H AB ) and normalized state σ ∈ S(H B ), define
The conditional min-and max-entropies (see e.g. [25] ) are defined by
H max (A|B) ρ|σ , and the smoothed versions thereof are given by
is the set of ϵ-neighbourhoods of ρ, defined in terms of the purified distance (see [25] for the detail).
III. MAIN RESULTS
We consider two scenarios in which a bipartite quantum state Ψ AR is transformed by a unitary operation on A and then is subject to the action of a quantum channel (linear CP map) T A→E . The unitary is chosen at uniformly random from the set of unitaries that take a simple form under the DSP decomposition (1).
In the first scenario, which we call non-randomized partial decoupling, the unitaries are such that they completely randomize the space H Ar j for each j, while having no effect on j or the space H A l j . This scenario may find applications when complex quantum many-body systems are investigated based on the decoupling approach, in which case the DSP decomposition is, for instance, induced by the symmetry the system has. In the second scenario, which we refer to as randomized partial decoupling, we assume that dimH does not depend on j. The unitaries do not only completely randomize the space H Ar , but also randomly permute j. This scenario may fit to the communication problems. For instance, one of the applications may be classicalquantum hybrid communicational tasks, where the division of the classical and quantum information leads to the DSP decomposition.
For both scenarios, our concern is how close the final state is, after the action of the unitary and the quantum channel, to the averaged final state over all unitaries. It should be noted that the averaged final state is in the form of a block-wise decoupled state in general. This is in contrast to the decoupling theorem, in which the averaged final state is a fully decoupled state.
A. Non-Randomized Partial Decoupling
Suppose that U is a random unitary on A given by
where U j ∼ H j , and H j is the Haar measure on the unitary group on H Ar j for each j, inducing the naturally product probability measure
AR , the averaged state obtained after the action of the random unitary U ∼ H × is given by
Here, π 
Here, we assume that HĀ 
Here, H ϵ,µ
is the smooth conditional minentropy for an unnormalized state Λ(Ψ, T ), defined by
It is explicitly given by
where B µ
DSP (T ) is the set of µ-neighbourhoods of T , defined in terms of a particular distance measure that incorporates the DSP decomposition (1) (see [22] for the detail).
In the literature of chaotic quantum many-body systems, it is often assumed that the dynamics is approximated well by a random unitary channel, which is sometimes called scrambling [6] , [26] , [27] . Despite the fact that a number of novel research topics have been opened based on the idea of scrambling, some of which are using the decoupling approach [6] , [8] , [9] , symmetry of the physical systems has rarely been taken into account properly. Hence, Theorem 1, showing the achievability of non-randomized partial decoupling, will be useful for studying complex physics in chaotic quantum manybody systems with symmetry [21] .
B. Randomized Partial Decoupling
Next, we assume that
The 
which we also denote by U ∼ H × . In addition, let P be the permutation group on [1, · · · , J], and P be the uniform distribution on P. We define a unitary G σ for any σ ∈ P by
We consider a scenario in which R ∼ = R c R r , where R c is a quantum system with dimension J, and that Ψ AR is classically coherent in A c R c . That is, Ψ AR is in the form of
where ψ kl ∈ L(H Ar ⊗ H Rr ) for each k and l. Our concern is how close the final state 
where Small error for one-shot randomized partial decoupling implies that the third party having the purifying system of the final state may recover both classical and quantum parts of correlation in Ψ AR . Thus, it will be applicable, e.g., for analyzing simultaneous transmission of classical and quantum information in the presence of quantum side information. In this context, H I in the above expression quantifies how well the total correlation in Ψ AR can be transmitted by the channel T A→B , whereas H II for only quantum part thereof (see [20] ).
Here, C is the completely dephasing channel on

C. A Converse Bound
So far, we have considered achievability of non-randomized and randomized partial decoupling. We also prove a converse bound for partial decoupling. The converse bound is stated by the following theorem, and is applicable for randomized partial decoupling, as well as for non-randomized partial decoupling under the conditions of (2) and (3). (2) and (3) 
Theorem 3 Suppose that the conditions
Then, for any υ ∈ [0, 1/2) and ι ∈ (0, 1], it holds that
where C is the completely dephasing channel on A c . The smoothing parameters λ and λ ′ are defined by
Let us compare the direct part of randomized partial decoupling (Theorem 2) and the converse bound presented above. The first term in the R.H.S. of the achievability bound (4) is calculated to be
On the other hand, the converse bound (5) yields
where
Note that there exists a linear isometry from A ′ to RD that maps |Ψ p ⟩ to |Ψ⟩ [11] , and that the conditional max entropy is invariant under local isometry [28] . A similar argument also applies to the second term in (4) and (6) and thus ψ = τ , the gap between the two bounds is only due to the difference in values of smoothing parameters and types of conditional entropies. By the fully quantum asymptotic equipartition property [29] , this gap vanishes in the limit of infinitely many copies. From this viewpoint, we conclude that the achievability bound of randomized partial decoupling and the converse bound are sufficiently tight.
D. Reduction to The Existing Results
We show that the existing results on one-shot decoupling [10] and dequantization [30] are obtained from Theorems 1, 2 and 3 as corollaries, up to changes in smoothing parameters. Thus, our results are indeed generalizations of these two tasks.
First, by letting J = 1 in Theorem 2, we obtain the achievability of one-shot decoupling (Theorem 3.1 in [10] ): 
Note that the duality of the conditional min and max entropies [28] 
, and the smoothing parameter λ is defined by (7) . In the same extreme, Theorem 3 provides a converse bound for dequantization, which has not been known so far: 
IV. CONCLUSION
In this paper, we have proposed and analyzed a task that we call partial decoupling. We have presented two different formulations of partial decoupling, and derived lower and upper bounds on how precisely partial decoupling can be achieved. The bounds are represented in terms of the smooth conditional entropies of quantum states involving the initial state, the channel and the decomposition of the Hilbert space. Thereby we provided a generalization of the decoupling theorem in the version of [10] , by incorporating the direct-sum-product decomposition of the Hilbert space.
A future direction is to apply the result to various scenarios that have been analyzed in terms of the decoupling theorem: to raise a few, the fully quantum Slepian-Wolf [2] , state merging [3] , [4] and state redistribution [31] in the context of quantum communication theory, as well as area laws [7] and relative thermalization [9] in the foundation of statistical mechanics.
